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Theoretical investigations about the π-

electronic structures of the aromatic deriv-

atives based on the LCAO MO method

have been carried out by many authors1).

According to the results obtained by them,

the molecular properties have been well

correlated with their π-electronic struc-

tures, if the parameters appearing in the

method have been properly chosen. But

the actual calculation of the π-electronic

structure of the molecule by means of the 
MO method is in general rather laborious. 
Therefore, it will be very convenient if 
one can find the method by which the 
calculation is simplified. In this paper 
we shall provide a convenient method 
using the set of vacant orbitals for the 
calculation and apply this method to the 
calculation of the molecular diagrams of 
the benzene hydroxy derivatives. In later 
discussions, we shall refer to this method 
as the " VO method " (vacant orbital 
method).

 Method

The method is based on the framework

of LCAO MO approximation, neglecting

the differential overlap. When the mole-

cule contains 2Pπ atomic orbitals (AO) in

number of n, the molecular orbitals (MO),

φi, are expressed by the linear combina-

tion of these AO's as follows

(1)

where φμ is the μ-th 2pπAO and Cp is the

coefficient to be determined by the varia-

tional method. When the following matrix 
notations which are the same as in 
Roothaan's paper2) are used

we may write then for Eq. 1 

If we multiply the right-hand side by 0* 
and the left-hand side by 0*C*, then the 
following relation may be obtained, 

C*C=E

or

(2)

where E and E mean the summation

over the set of occupied orbitals and that

of vacant orbitals, respectively. Accord-

ing to the definitions, the charge density

qμ and the bond order pμνY may be written

as,

 1) See, e.g., B. Pullman and A. Pullman, "Les Theories 
Electroniques de la Chimie Organique", Masson et Cie, 
Paris (1952). 2) C. C. J. Roothaan, Rev. Modern Phys., 23, 69 (1951).
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It is convenient to introduce qυμ and pυμν

as the corresponding quantities #or the

set of vacant orbitals, that is,

Using these quantities, Eq. 2 can be re-

written as

(3)

(qμｰ1) represents the net charge at the

position of the μ-th carbon atom belonging

to the parent hydrocarbon system. As

seen in Eq.3, the set of vacant orbitals

may become a mirror image of that of

occupied orbitals. For the case of sub-

stituents which have only the lone pair

orbitals, such as OH, NH2, Cl, etc., the net

charge must be expressed by(qμ-2)in-

stead of(qμ-1). Therefore, in this case
-qυμ may directly measure the net charge

at the substituent. Using the relation 3, 
the calculation of the molecular diagram 
of the aromatic derivative may be con-
siderably simplified, because 

 (1) the number of vacant orbitals is al-
ways less than that of occupied orbitals, 
and 

 (2) the vacant orbital and their ener-
gies differ only slightly from those of 
the reference system, since the large 
differences; in orbital energies between 
the occupied and the vacant orbitals in 
the reference system may restrict the 
deformation of the vacant orbitals by 
conjugation to small extent. Here, we 
call the system in which the interactions 
between the parent hydrocarbon system 
and the substituents do not take place, 
as the reference system. 
 Pople's method for the LCAO SCF MO 

calculation tells us that the matrix ele-
ments of the Hartree-Fock Hamiltonian
can be expressed by qμ's, pμν's and the

fundamental atomic integrals. Therefore,

the SCF calculation based on his method

may substantially expedited by the use of

VO method, because

(1) the calculations of qμ's and pυν's are

easily carried out, and 
 (2) the rapid convergence to the SCF 

MO's may be expected, since the vacant 
orbitals may differ only slightly from 
those of the reference system.

When the square of the coefficient of the 
carbon atom to be bonded with the sub-
stituent in the lowest vacant orbital 
(frontier orbital) of the parent hydrocar-
bon system has considerably large value, 
the deformation for the lowest vacant 
orbital by conjugation may be greater than 
for others. Thus, in this case the frontier 
orbital will make the greatest contribution 
to the mirror image relations. Actually, 
it is well known3) in many cases that the 
frontier orbital theory provides satisfac-
tory information for the discussion of 
chemical reactions. 
 Next, we shall show a mirror image 
relation of orbital energies. The energy,
εi,of the φi is determined by the solution

of the secular determinant of n-th degree,

that is,

where Hμν is the matrix element of the

Hamiltonian, which is expressed by

where H is the(effective or Hartree-Fock)

Hamiltonian operator. According to the

algebraic theory, the total sum of roots is

equal to the negative value of the coef-

ficient of εn-1 term in the development of

the secular determinant in terms of e,

that is,

(4)

From this equation we obtain

(5)

 For many purposes, only the extra de-

localization energy, Δ ε, arising from the

delocalization of the 2pπ electrons by sub-

stitution may be important. Δε is defined

as follows:

(6)

where ε0i is the orbital energy in the ref-

erence system. Similar relation to Eqs.

4 and 5 may also be obtained for the case

of reference system, that is,

(7)

 3) K. Fukui, T. Yonezawa and H. Shingu, J. Chem. 
Phys., 20, 722 (1952); K. Fukui, T. Yonezawa, C. Nagata 
and H. Shingu, ibid., 22, 1433 (1954); K. Fukui, T. Yone-
zawa and C. Nagata, This Bulletin, 27, 423 (1954).
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TABLE I. MO'S AND MO ENERGIES

We may now define Δεν as follows:

(8)

Then the following expression may be 
derived from above equations,

(9)

When Hμμ=H0μμ which is the case in the

simple LCAO MO treatment neglecting the

inductive effect, Eq. 9 becomes

 Thus the mirror image relation of orbital 
energies is established. 

 Calculation of the Molecular Diagrams 

 We shall apply VO method to the calcu-
lation of the molecular diagrams of ben-
zene hydroxy derivatives. The method 
is based on the framework of simple 
LCAO AO method neglecting the inductive 
effect. The parameters used are the same 
as those of phenol4). All the hydroxy

derivatives have only three vacant orbit-

als, since the reference systems have

2, 3, 5, 6-Tetrahydroxy benzene 

Fig. 1. Numbering of atoms.

 4) K. Nishimoto and R. Fujishiro, This Bulletin, 31, 
1036 (1958).
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only three vacant orbitals, respectively. 
Therefore, the calculation based on the 
VO method is an easier task than that 
employing the set of occupied orbitals. 
The numbering of atoms is shown in Fig.
1.The calculated vacant MO's,φi, and

their energies are collected in Table I,

with those of a benzene molecule. Com-

parison of φυ1's of hydroxy derivatives with

that of benzene indicates that the former 
are polarized regularly along the direction 
toward the substituent; but their magni-
tudes are rather small. On the other hand,
the frontier orbitals, φυ and φυ3, seem to

reflect roughly the characters of the 

ground states of the molecules. The mol-
ecular diagrams calculated are given in 
Fig. 2. When we try to plot the magnitude
of the charge migration, Δe, from the

substituents into the benzene ring, against

the extra delocalization energy, Δε, a

Fig. 2. Molecular diagrams.

uc

Fig.3. Relation between Δε and Δe for

 benzene hydroxy derivatives.

1. Phenol 
2. Catechol 
3. Hydroquinone 

4. Resorcinol 
5. Phloroglucinol 
6. 2, 3, 5, 6-Tetrahydroxy benzene

linear relationship is obtained as shown 
in Fig. 3. 

 Summary 

 It was shown that the set of vacant 
orbitals of the conjugated system would 
be a mirror image of that of occupied 
orbitals. Using this relation the calcula-
tions of the π-electronic structures of the

aromatic derivatives are considerably 
simplified. As an example, the molecular 
diagrams of the benzene hydroxy deriva-
tives were calculated. 
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